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For an abelian number ﬁeld k, let CS (k) be the group of circular
units of k deﬁned by Sinnott, and CW (k) be that suggested by
Washington. In this paper, we construct an element Θ˜ = Θ˜(k) in
CW (k) for a real subﬁeld k of conductor p
e1
1 p
e2
2 . We will see that
the order of Θ˜ in the factor group CW (k)/CS (k) can be very large.
As an application, we derive some information about the class
number of k for special cases.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
For each positive integer n not congruent to 2 mod 4, we ﬁx a primitive nth root of 1 in C by ζn =
e
2π i
n so that ζ
n
m
n = ζm whenever m|n. The ﬁeld Q(ζn) is a Galois extension of Q with Gal(Q(ζn)/Q) 
Z×n , the multiplicative group consisting of units of the ring Zn . So [Q(ζn) : Q] = ϕ(n), where ϕ is the
Euler ϕ function. Let E(Q(ζn)) be the unit group of the ring of integers of Q(ζn). The unit group
E(Q(ζn)) has a special subgroup which is called the group of cyclotomic units. To be precise, let Vn
be the multiplicative subgroup of Q(ζn)× generated by {±ζn,1 − ζ an | 1  a  n − 1}. The group of
cyclotomic units of Q(ζn) is then deﬁned by C(Q(ζn)) = Vn ∩ E(Q(ζn)).
Let K be an abelian ﬁeld of conductor n, i.e., n is the smallest positive integer such that K is a
subﬁeld of Q(ζn). In [7], Sinnott deﬁnes the group CS (K ) of circular units of K by
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〈−1,NQ(ζm)/K∩Q(ζm)(1− ζ am) ∣∣m,a ∈ Z, 1<m|n, (a,m) = 1〉,
where E(K ) is the unit group of the ring of integers of K . The role of CS (K ) in E(K ) is similar to that
of C(Q(ζn)) in E(Q(ζn)). Another subgroup of the unit group E(K ) was suggested by Washington [8],
which we denote by CW (K ). The group CW (K ) is simply deﬁned by
CW (K ) = C
(
Q(ζn)
)Gal(Q(ζn)/K ) = E(K ) ∩ C(Q(ζn)),
and is called the Washington group of circular units of K . It is clear that CS (K ) is a subgroup of
CW (K ). However, the factor group CW (K )/CS (K ), or even its index [CW (K ) : CS (K )] is not well un-
derstood except for a few special cases [4,6].
The aim of this paper is to construct an element Θ˜ = Θ˜(k) in CW (k) for a real subﬁeld k of
Q(ζp
e1
1
)+Q(ζpe22 )
+ , where p1 and p2 are distinct odd primes. This unit Θ˜ is nontrivial in CW (k)/CS (k)
in many cases as we will see in Theorem 3.3, which is the main result of this paper. As applications of
Theorem 3.3, we examine special cases. For two distinct odd primes p and q, put l1 = p − 1/ordp(q)
and l2 = q − 1/ordq(p), where ordq(p) is the order of p mod q, and ordp(q) is that of q mod p.
Corollary. Let k be a real subﬁeld of Q(ζp)+Q(ζq)+ satisfying k ∩ Q(ζp) = k ∩ Q(ζq) = Q. Then the Wash-
ington unit Θ˜ = Θ˜(k) is of order d in the factor group CW (k)/CS (k), where d = gcd(l1, l2, s) and s = [k : Q].
Moreover, the class number hk of k is divisible by ds if s is odd.
Theorem 3.3 can also be applied to study the class number of Q(
√
pq ).
Corollary. Let k = Q(√pq ) with p ≡ q ≡ 1 mod 4. If either pq−1/4 ≡ 1 mod q, qp−1/4 ≡ 1 mod p or
pq−1/4 ≡ −1 mod q, qp−1/4 ≡ −1 mod p, then 4|hk.
We ﬁnish this introductory section with two relations satisﬁed by cyclotomic units.
1− ζ−an = −ζ−an
(
1− ζ an
)
, (1.1)
1− ζ am =
n
m−1∏
i=0
(
1− ζ a+min
)
, ifm|n. (1.2)
2. Preliminaries and notations
We begin this section with a discussion about CS (K ) and CW (K ) when K is a real subﬁeld
of Q(ζpe ) for an odd prime p. For brevity, put q = pe . Let τ be a generator of the cyclic group
Gal(Q(ζq)/Q). Then for each i, v(i) = (1− ζ τ iq /1− ζq)ζ 1−τ
i/2
q is a cyclotomic unit ﬁxed by the com-
plex conjugation. Thus v(i) ∈ CW (Q(ζq)+). So NQ(ζq)+/K v(i) ∈ CW (K ). We put vK (i) = NQ(ζq)+/K v(i).
The next two theorems seem to be well known although we could not ﬁnd an appropriate reference.
We include their proofs very brieﬂy.
Theorem 2.1. Put [K : Q] = r. Then BW (K ) = {vK (i) | 1 i < r} is a basis of CW (K ).
Proof. Since the set {v(i) | 1  i < ϕ(q)/2} is a basis of CW (Q(ζq)+), so is BW (K ) ∪ {v(i) | r  i <
ϕ(q)/2}. Let D be the subgroup of CW (K ) generated by −1 and BW (K ). Then D is a direct summand
of CW (Q(ζq)+), and is of ﬁnite index in CW (K ). Hence D = CW (K ). 
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(1) BS (K ) = {vK (i)2 | 1 i < r} is a basis of CS (K ),
(2) CW (K )/CS (K )  (Z/2Z)r−1 .
Proof. Since NQ(ζq)/Q(ζq)+ (1− ζ τ
i
q /1− ζq) = v(i)2, we obtain (1). And (2) follows from (1). 
The next lemma will be used frequently.
Lemma 2.3. Put [K : Q] = r. Then
(1) τ j v K (i) = vK ( j + i)/vK ( j),
(2) vK ( jr + i) = (−1) j v K (i).
Proof. Put ζq = ζ and NQ(ζq)+/K = N . Since
τ j v(i) = 1− ζ
τ i+ j
1− ζ τ j ζ
τ j−τ i+ j
2 =
(
1− ζ τ i+ j
1− ζ ζ
1−τ i+ j
2
)(
1− ζ τ j
1− ζ ζ
1−τ j
2
)−1
= v( j + i)
v( j)
,
we have τ j v K (i) = τ j Nv(i) = Nτ j v(i) = Nv( j + i)/v( j) = vK ( j + i)/vK ( j). Thus we get (1).
Let [Q(ζq)+ : K ] = t . Then v(tr) = −1, and so v(tr+ i) = −v(i). We use induction on j to prove (2),
which is clear when j = 0:
vK
(
( j + 1)r + i)= t−1∏
α=0
v(( j + 1+ α)r + i)
v(αr)
=
∏t
β=1 v(( j + β)r + i)∏t−1
α=0 v(αr)
= v(( j + t)r + i)
∏t−1
β=1 v(( j + β)r + i)∏t−1
α=0 v(αr)
= −v( jr + i)
∏t−1
β=1 v(( j + β)r + i)∏t−1
α=0 v(αr)
= −vK ( jr + i) = (−1) j+1vK (i).
This ﬁnishes the proof of the lemma. 
Now we examine the case when the conductor of an abelian ﬁeld k is of the form n = pe11 pe22
and k is a subﬁeld of Q(ζpe11
)+Q(ζpe22 )
+ . Again we assume pi is odd, and abbreviate peii by qi for
i = 1,2. We ﬁrst deﬁne several subﬁelds of Q(ζn). Put
k1 = k ∩ Q(ζq1), k2 = k ∩ Q(ζq2),
k1 = k(ζq2) ∩ Q(ζq1), k2 = k(ζq1) ∩ Q(ζq2),
k = k1k2.
The next lemma can be easily checked by considering the dimensions.
Lemma 2.4.With notations as above, we have the following:
(1) k = kk1 = kk2 ,
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(3) [k : k] = [k : k1k2].
Let [k : k] = s, [k1 : Q] = r1, and [k2 : Q] = r2. Then Gal(k/k) is a cyclic group of order s. Let σ be a
ﬁxed generator of Gal(k/k), or one of its extensions to Gal(Q(ζn)/k). Fix such an extension and denote
by σ again. Since
Gal
(
Q(ζn)/k
)
Gal
(
Q(ζn)/k1k2
) res
Gal
(
Q(ζq1)/k1
)× Gal(Q(ζq2)/k2),
there are generators σ1,0 of Gal(Q(ζq1 )/Q), and σ0,1 of Gal(Q(ζq2 )/Q) so that σ is identiﬁed with
(σ
r1
1,0, σ
r2
0,1) under the restriction. The extension of σ1,0 to Q(ζn) so that σ1,0(ζq2 ) = ζq2 is also denoted
by σ1,0. Similarly, the natural extension of σ0,1 to Q(ζn) is also denoted by σ0,1. Put σi, j = σ i1,0σ j0,1,
J1 = σϕ1/2,0, J2 = σ0,ϕ2/2 and J = σϕ1/2,ϕ2/2, where ϕi = ϕ(qi) for i = 1,2. Then σ = σr1,r2 and J is
the complex conjugation.
Let Fr1 be the Frobenius automorphism of Gal(Q(ζq1 )) which maps ζq1 to ζ
p2
q1 , and Fr2 that of
Gal(Q(ζq2 )) which maps ζq2 to ζ
p1
q2 . Then the relation (1.2) can be written as
NQ(ζn)/Q(ζq1 )
(
1− ζσi, jn
)= ∏
0 jϕ2
(
1− ζσi, jn
)= (1− ζσi,0q1 )1−Fr1−1
and
NQ(ζn)/Q(ζq2 )
(
1− ζσi, jn
)= ∏
0iϕ1
(
1− ζσi, jn
)= (1− ζσ0, jq2 )1−Fr2−1 .
The next theorem found by Dohmae [1,2] exhibits a basis of CS (k) and simpliﬁes the Sinnott’s
index formula for [E(k) : CS (k)]. Let vk(i, j) = NQ(ζn)/k(1− ζσi, jn ).
Theorem 2.5. Let B ′S (k) = {vk(i, j) | r1  i < r1s if j = 0, 1 i < r1s if 1 j < r2}. Then
(1) BS (k) = B ′S (k) ∪ BS(k1) ∪ BS (k2) is a basis of CS (k),
(2) s[E(k) : CS (k)] = 2[k:Q]−1 · hk, where hk is the class number of k.
3. A special circular unit
In this section, we construct a special Washington unit in k and study its applications. Since our
main result says nothing interesting when k = k, we assume that [k : k] = s > 1 throughout this section
to avoid confusion from notations.
Let
eL = (1− ζn)
(
1− ζ J2n
)
ζ
−(1+J2)/2
n = NQ(ζn)/Q(ζq1 )Q(ζq2 )+
(
(1− ζn)ζ−1/2n
)
,
and
e′L = (1− ζn)
(
1− ζ J1n
)
ζ
−(1+J1)/2
n = NQ(ζn)/Q(ζq1 )+Q(ζq2 )
(
(1− ζn)ζ−1/2n
)
.
Then by using the relation (1.1) and the fact that J = J1J2, we see that eL, e′L ∈ L = Q(ζq1 )+ Q(ζq2 )+ ,
e′L = −eL , and NQ(ζn)/L(1− ζn) = e2L = e′2L .
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ek(i, j)
2 = vk(i, j) = NQ(ζn)/k(1 − ζ
σi, j
n ) ∈ CS (k). Clearly, ek(i, j) = ek(i + ar1s, j + br2s). Also note that
our choice of σ gives σ(ek(i, j)) = ek(i + r1, j + r2), yielding
Nk/kek(i, j) =
s−1∏
t=0
ek(i + tr1, j + tr2).
Let l1 be an integer satisfying Fr
−1
1 = σ l11,0, and l2 be such that Fr−12 = σ l20,1. Then
r2s−1∏
j=0
ek(i, j) = NQ(ζq1 )+/k1
[(
1− ζσi,0q1
)
ζ
−σi,0/2
q1
]1−Fr1−1 = vk1(i)
vk1(i + l1)
(3.1)
and
r1s−1∏
i=0
ek(i, j) = ±NQ(ζq2 )+/k2
[(
1− ζσ0, jq2
)
ζ
−σ0, j/2
q2
]1−Fr2−1 = ± vk2( j)
vk2( j + l2)
. (3.2)
We have ± in (3.2) since e′L = −eL .
For two integers α and β , put
Bα,β =
∏
αr1 i(α+1)r1
βr2 j(β+1)r2
ek(i, j).
Lemma 3.1. The unit Bα,β satisﬁes the following:
(1) If α ≡ α′ mod s and β ≡ β ′ mod s, then Bα,β = Bα′,β ′ ,
(2) σ iBα,β = Bα+i,β+i , so
Nk/kBα,β =
s−1∏
i=0
Bα+i,β+i,
(3)
∏s−1
β=0 Bα,β =
∏
αr1i(α+1)r1 vk1 (i)/vk1 (i + l1),
(4)
∏s−1
α=0 Bα,β = ±
∏
βr2 j(β+1)r2 vk2 ( j)/vk2 ( j + l2),
(5)
∏
0αs
0βs
Bα,β = Nk/k(
∏
0αs Bα,0) = Nk/k(
∏
0βs B0,β ) = ±1.
Proof. From the properties ek(i + ar1s, j + br2s) = ek(i, j) and σ(ek(i, j)) = ek(i + r1, j + r2), we get
(1) and (2). Since
∏s−1
β=0
∏
βr2 j(β+1)r2 ek(i, j) =
∏
0 jr2s ek(i, j), we obtain (3) from (3.1). Similarly,
(3.2) yields (4). Since
∏
0αs
0βs
Bα,β is a norm of some unit to Q, it has to be 1 or −1. 
Let
E = Nk/k
(
B1,0 · B2,02 · B3,03 · · · · · Bs−1,0s−1
)
.
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element of CS (k), but also a product of elements of B ′S (k) with exponents 0,1,2, . . . , and s − 1.
Put
E1 = D
( ∏
0βs
B0,β
)
, E2 = D
( ∏
0αs
Bα,0
)−1
, and κ =
∏
0αβs
Bα,β,
where D =∑s−1i=0 iσ i . Then E1 ∈ CW (k1), E2 ∈ CW (k2) and κ ∈ CW (k). And it is not hard to ﬁgure out
that
E = E1E2κ s ∈ CW (k).
Since σD = D− Nk/k + s on k, we have
Eσ1 ≡ E1Nk/k
( ∏
0β<s
B0,β
)−1
= ±E1 mod CW (k)s
by Lemma 3.1(5). In fact, the congruence is mod CW (k1)s since
∏
0β<s B0,β is an element of k1. Let
E1 = ±
∏
1ir1s
vk1(i)
I1(i)
be the unique expression of E1 with respect to the basis of CW (k1) given in Theorem 2.1.
Lemma 3.2. Let s1 = I1(1) + I1(2) + · · · + I1(r1). Then
(1) I1(a) ≡ I1(b) mod s if a ≡ b mod r1 for 0< a,b < r1s,
(2) s1 ≡ l1 mod s.
Proof. (1) Since σ(vk1 (i)) = vk1 (i + r1)/vk1 (r1), we have
Eσ1 = ±
∏
1ir1s
( vk1(i + r1)
vk1(r1)
)I1(i)
.
Hence
±
∏
1ir1s
vk1(i)
I1(i) ≡ ±
∏
1ir1s
( vk1(i + r1)
vk1(r1)
)I1(i)
mod CW (k1)
s.
Therefore by comparing exponents of both sides, we obtain
I1(a) ≡ I1(b) mod s if a ≡ b mod r1.
(2) Since we may assume 0 l1 < r1s, we put l1 = r1m1 + j with 0m1 < s, and 0 j < r1. Then
from (1) and Lemma 3.1(3), we have
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r1∑
i=1
I1(i) ≡
r1∑
i=1
I1
(
r1(m1 + 1) + i
)
≡ {(m1 + 1)r1 + 1}− {r1 − j + 1} =m1r1 + j = l1 mod s. 
Since vk1 (i) = Nk1/k1 vk1 (i) = [
∏s−1
t=0 vk1 (i + r1t)] · [
∏s−1
t=1 vk1 (r1t)]−1, we have
E1
r1−1∏
i=1
[
vk1(i)
]−I1(i) = ± r1s−1∏
i=1
vk1(i)
ti,0 ,
where
ti,0 ≡
{
0 mod s if i 
≡ 0 mod r1,
l1 mod s if i ≡ 0 mod r1.
Similarly, for E2 = ±∏1 jr2s vk2 ( j)I2( j) , we have
I2(1) + I2(2) + · · · + I2(r2) ≡ −l2 (mod s)
and
E2
r2−1∏
j=1
[
vk2( j)
]−I2( j) = ± r2s−1∏
j=1
vk2( j)
t0, j ,
where
t0, j ≡
{
0 mod s if j 
≡ 0 mod r2,
−l2 mod s if j ≡ 0 mod r2.
Let d = gcd(s1, s2, s) = gcd(l1, l2, s). Then we have
E ·
r1−1∏
i=1
[
vk1(i)
]−I1(i) · r2−1∏
j=1
[
vk2( j)
]−I2( j) = ±Θd,
where Θ = κ s/d ·∏r1s−1i=1 {vk1 (i)}ti,0/d ·∏r2s−1j=1 {vk2 ( j)}t0, j/d , and κ =∏0αβs Bα,β .
Let U be the left-hand side of above equation to have U = ±Θd . Note that U ∈ k, which implies
U σ = U . Hence (Θσ−1)d = 1, so Θσ−1 = ±1 since Θ is real, i.e., Θσ = Θ or −Θ . We will see that
both of these two cases can actually happen. Put U˜ = U2 and Θ˜ = Θ2. Then U˜ = Θ˜d and Θ˜σ = Θ˜ . So
Θ˜ ∈ CW (k). Note that U˜ is a product of elements in BS (k) with exponent one for some of them by
Remark after Lemma 3.1. Hence Θ˜ is of order d in CW (k)/CS (k). In summary, we have the following
theorem.
Theorem 3.3. Let d = (l1, l2, s). Then Θ˜ ∈ CW (k), and is of order d in CW (k)/CS (k).
Example. Let p = 7, and q = 181. There are four subﬁelds of Q(ζpq) of degree 3 over Q. Let k be
one of them with conductor pq (there are two such ﬁelds). In this case, r1 = r2 = 1, and s = 3.
Since pq−1/3 ≡ 1 mod q and qp−1/3 ≡ 1 mod p, we have d = gcd(l1, l2, s) = 3. So the order of Θ˜
in CW (k)/CS (k) is 3. As a byproduct, we see that the class number hk of k is divisible by 9 since
3|[CW (k) : CS (k)] (refer to Theorem 2.5).
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and l2 = q − 1/ordq(p), where ordq(p) is the order of p mod q, and ordp(q) is that of q mod p.
Corollary 3.4. Let k be a real subﬁeld of Q(ζp)+Q(ζq)+ satisfying k ∩ Q(ζp) = k ∩ Q(ζq) = Q. Then the
Washington unit Θ˜ = Θ˜(k) is of order d in the factor group CW (k)/CS (k), where d = gcd(l1, l2, s) and s =
[k : Q]. Moreover, the class number hk of k is divisible by ds if s is odd.
Remark. As was mentioned, U = ±Θd , and Θσ = Θ or −Θ . If Θσ = Θ , then Θ ∈ CW (k) and is of
order 2d in CW (k)/CS (k). When d is odd, for instance, Θσ must be Θ since Θσ−1 is a dth root of 1
in a real ﬁeld. It can also happen that Θσ = −Θ . For example, let k = Q(√205 ). If Θσ were Θ , then
Θ ∈ CW (k) would be of order 4 in CW (k)/CS (k). But this is impossible since hk = 2.
Finally, in Corollary 3.5, we study the class number of k = Q(√pq ) when p ≡ q ≡ 1 mod 4 by
means of the circular units constructed in this paper. This result can also be found in [3,5].
Corollary 3.5. Let k = Q(√pq ) with p ≡ q ≡ 1 mod 4. If either pq−1/4 ≡ 1 mod q, qp−1/4 ≡ 1 mod p or
pq−1/4 ≡ −1 mod q, qp−1/4 ≡ −1 mod p, then 4|hk.
Proof. Note that k1 = Q(√p ) and k2 = Q(√q ). Since k ∩ Q(ζp) = k ∩ Q(ζq) = Q, we have r1 = r2 = 1
and s = 2. Hence E = E1E2κ2 with E1 = e(1,0)e(1,1) = vk1 (1)/vk1 (1+ l1), E2 = (e(0,1)e(1,1))−1 =
vk2 (1+ l2)/vk2 (1), and κ = e(0,1). So
E = vk1(1)
vk1(1+ l1)
vk2(1+ l2)
vk2(1)
e(0,1)2.
Since (q/p) = (p/q) = 1, l1 ≡ l2 ≡ 0 mod 2. Thus by Lemma 2.3, we have E = ±κ2. Notice that κσ = κ
if and only if e(0,1) = e(1,0). And this holds if and only if e(0,0)e(1,0) = e(0,0)e(1,0), which is
equivalent to vk1 (l1) = vk2 (l2). Therefore if (−1)l1/2 = (−1)l2/2, then κ ∈ k, and thus 4|[E(k) : CS (k)] =
hk as desired. 
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